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TRIAL HSC EXAMINATION

Mathematics Extension 2

General Instructions

Reading Time— 5 minutes

Working Time— 3 hours

Write using black or blue pen

Board approved calculators may be used

A table of standard integralsis provided at
the back of this page

Show all necessary working in questions
11- 16
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Section | Objective Response Questions

Total marks — 10
Attempt Questions 1 — 10

Answer each question on the multiple choice answer sheet provided.
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"Rez
v
Which of the following isNOT avalid algebraic description of thislocus?
(A) Rez=2 B) |z|=|z-4]
(C) ag(z-4)+agz=x (D) z+7=4

The solid shown in the diagram has a pair of parallel faces, one aregular octagon, and one a
square, with vertices of each end joined by straight lines.

Which of the following diagrams shows atypical cross-section taken parallel to the two end faces?

(A) (B)

T“" Tao

O

(©



The polynomial equation P(x)=0 hasroots &, A and .
What are the roots of the polynomial equation P(3x+2)=07?

A 225275 ®) 9-2/F-27r°2
3 3 3 3 3 3
2 2 2
(© 3a+2,36+2,3y+2 (D) a+=, f+=,y+=
3 3 3
Consider apolynomial P(x) of degree 3.
You are given 2 numbers a and b such that
-a<b
-P(a)>P(b)>0
P'(a)=P'(b)=0
The polynomial has
(A) 3red zeros (B) 1rea zero y suchthat y<a
(C) 1red zero y suchthat a<y <b (D) 1red zeroa suchthat ¥ >b

Consider the following two statements:

o1

dx J‘l dx
n < n+1
o 1+ X o 1+ X

: \/sinxdx=J‘2\/cosxdx
0

v 0

NN

Which of these statements are correct?
(A) Neither statement (B) Statement | only

(C) Statement 1l only (D) Both statements



8.

A particle is moving along the x -axis, initially moving to the left from the origin.
—sinx
3+cosx

Its velocity and acceleration are given by v* = 2In(3+ cosx) and X =

Which of the following describe its subsequent motion?

(A) Headsonly to theleft, alternately speeding up and slowing down, without becoming
stationary.

(B) Headsonly to the left, alternately slowing to a stop then speeding up.
(C) Slowsto astop, then heads to the right forever.

(D) Oscillates between two points.

The graph shows a part of the hyperbola x = ct, y =~

g
AY

wY

Q(—C, _c) o

Which pair of parametric equations precisely describe the sections of the hyperbola shown?

A) x=c(t?+1), y=—° B) x=c(1-t?), y=—"
(A) x=c(t®+1),y 71 (B) x=c(1-t*),y —
© x=cf1-t, y=—= (D) x=csint, y=——

\J1-12 sint



10.

After differentiating arelation implicitly, we find that

dy y

dx x

Which of the following could be a graph of this relation?

(A) (B)
Y
%x
©) (D)
\r
A =x

NI

v

f‘
\_
-
J

a0
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Section 11 Free Response Questions
Total marks — 90
Attempt Questions 11 - 16

Answer each question on the multiple choice answer sheet provided.

Question 11 (15 marks)

1

(@ Findthe exact value of J- xe™ dx.

0

(b) Findj ox

X2 +6x+10

1

(c) Evauate j sintx dx.

0

1

. 5-5x° 1 27
d (@ Showthat.[O(1+2X)(1+X2)dx—§(7z+ln—j.

4 cos2x dx
o 1+2s8in2x+cos2x

(i) Henceevauate j using the substitution t = tan x .

© 0 Showthatjaf(x)dx:jaf(—x)dx.

—a —a

4

(i) Hence, or otherwise, evaluate J' (e —e™)cosxdx.
4



Question 12 (15 marks) Start a new bookl et

(@

(b)

(©)

(d)

(€)

Giventhat z =6i -8, find the squareroots of z intheform a+ib.

(i) Write 2+ 2/3i in modulus-argument form.

Hence:
(ii) Express(2+ 2\/§i)3 intheform x+iy .

(i) Find all unique solutions to the equation z* = 2+ 2+/3i, giving answersin
modul us-argument form.

Given z isacomplex number, sketch on a number plane the locus of apoint P
representing z suchthat argz =arg[ z—(1+i) |

In the diagram, a semi-circle has diameter OB and centre A, with OA=r.

P isapoint on the semicircle, and the vector OP represents the complex number acisé.
Ay

P

o F 4 B x

Write in simplest modul us-argument form the complex number represented by the vector
(i AP

(i) BP

In abank of 12 switches, each switch can be set to one of three positions.
(i)  Write down the total number of ways all the switchesin the bank can be arranged.

(i)  Find the probability that if all the switches are set randomly, there will be equal
numbers in each position.



Question 13 (15 marks) Start a new bookl et

2X

(@ Drawnbelow isthegraphof y= 5
1+x

Ay

"y

Af

(i)  Find the coordinates of the turning points A and A'.
(Thereis no need to test their nature.)

(i)  On separate diagrams draw graphs of the following functions:

L _ |2
1+ x?
5 _1+ NG
2X
2X
3. y=
y 1+ x?

() (i) Thepolynomial equation P(x)=0 hasadoubleroot x=c .
Show that x =& isalso aroot of the equation P’'(x)=0.

(i) Youaregiventhat y=mx isatangent to the curve y:3—X—12.

Show that the equation mx® —3x*+1=0 has adouble root.

(iii) Hence find the equations of any such tangents.
10
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Question 14 (15 marks) Start a new bookl et

(8 Usethe method of cylindrical shellsto find the volume of the solid formed when 4

the region bounded by the curve y = Zil the x-axis, the y -axis and theline
X+

X =1 isrotated about theline x=1.

(b) Thediagram shows a part of the graph of afunction of theform y =bsinnx.

104 B
2

b %
(i) Expressn intermsof b. 1
2
(i)  Show that the area bounded by the curve and the x -axisis 2" units®. 2
T
(iii) Thebase of asolid isthe region bounded by the parabola x* = 4ay and its 2

|atus rectum.

A

* x* =4ay
Each dice of width sy taken perpendicular to both the base and the axis of symmetry is
half of a sine curve, whose amplitudeis equal to its base length.

Find the volume of thissolidintermsof a.

Question 14 continues on the following page
12



(¢) Inthediagram, A, B and C arethree pointson acircle.
P isanother point on the circle, lying on the minor arc BC .
Points L, M and N arethefeet of the perpendicularsfrom P tothesides BC, CA and AB
respectively.
4

(i) Explanwhy P, L, N and B are concyclic.
(i) Explanwhy P, L, C and M areconcyclic.
Let Z/PLM =«.

(iii) Show that ZABP =« .

(iv) Henceshowthat M, L and N arecollinear.

End of question 14

13



Question 15 (15 marks) Start a new bookl et

(@

(b)

(©)

2 2

The point P(acosd, bsing) lieson the ellipse %jtg—zzl and the ellipse meets

the x -axisat the points A and A'.

xcosf ysing
+ =

(i) Provethat thetangent at P hasthe equation b

1.

(i) Thetangent at P meetsthetangentsfrom Aand A’ at points Q and Q'
respectively. Find the coordinatesof Q and Q'.

(i) Thepoints A, A", Q" and Q form atrapezium. Prove that the product of the
lengths of the parallel sidesis independent of the position of P .

1 n

X dx

Consider theintegral 1, :j
. 4
1
(i) Showthat I, -1, = j x"*J1-x dx. (Nointegration isneeded.)
0

(i) Useintegration by parts on the result of part (ii) to show that I, = AI

on+1 "

(i) Show that a®+b* > 2ab for any valuesof a and b .

(i) Hence show that tan® @ + cos” @ + cosec® @ > siné + secd + cot @ for all valuesof 4.

14



Question 16 (15 marks) Start a new bookl et

(@ Consider thefunction f (x)= 3sinx :
2+ COSX
()  Showtha —2"% _ x for x>0.

2+ COSX

The diagram shows a circle with centre O, where OA=0B=BC, Z/POM =60, /PCO=«.

P

sind
2+cosf

(i)  Show that tane =

(i) Hence show that a<§.

() Theequation x>+ x+1=0 hasroots a and S .
A seriesisdefinedby T, ="+ " for n=1,2,3,....

() Showthat T,=-1andT,=-1.

(i) Showthat T,=-T,,-T,,forn=34,5,....

(ili) Hence use Mathematical Induction to show that T, = ZcosznT” forn=123,....

2012

(iv) Hence write down the value of ZTk :

k=1
End of paper

15



STANDARD INTEGRALS

1

x" dx = on#E-1; x#20,ifn<0
n+l1

1

—dx =lnx, x>0

X

ax l ax

e dx —e™, a#0
a

cosaxdx =Esinax, az0

. 1

sinaxdx =—Ecosax, az0

2 1
sec“ax dx =Etanax, az0

1
secax tanaxdx =Esecax, az0

. X
X =sin 7 a>0, —a<x<a

1
/az_xzd
ﬁdx zln(x+\/x2—a2), x>a>0
B _ [.2 2)
mdx 1n(x+ x“+a

NOTE: Inx=1log,x, x>0

16



2012 Extension 2 Trial Solutions

Section |
1L A 2. B 3. C 4. D 5. B
6. B 7. D 8. A 9. D 10. C
Section 11
Question 11
(a) '[ xe X dx—— 2X “ dx
ir
z[e J
1, 4
g(e -1)
_e-1
2e
dx dx
(b) 2 = 2
x*+6x+10 (x+3)"+1
=tan™(x+3)+¢
1 1 d
(© J- sin™x dx=I sin” x-—(x)dx
0 0 dx OR (by subtraction of areas)
1
It 1 L 3
—[xsm X]o_ X 1 de J.sinlxdx:lxz—J.ZSinXdX
0 -X 2
T 1" - 0 O
-0+ .[0( 2x)(1-x*) 2 dx = +[cosx]!
1Pt _r _
.1, (1—X2)E B 2+(0 g
2 2 .
/4 -3
=—-1 2
2
5-5x a  bx+c

@ O (1+ 2x)(1+ xz) Tleox 1 X

5-5x% = a(1+ x2)+(bx+c)(1+ 2x)

(x:—lj 5_%a (x=0) 5=a+c
2) 4 4 5
a=3 €=
(x=1) 0=2a+3(b+c)
0=6+3(b+2)

b=-4



' 5oy? '3 4x 2
dx = - >+ 5 dx
o (1+ 2x)(1+ x2) o\1+2x 1+x° 1+x

:Bm(1+ 2x) - 2In(1+x* )+ 2tan™ x}

1

0

_3h3_2m2+% 0
2 2

:%(3In3—4ln2+7z)

o1-t? dt

N

(i) CoS2x dx _ 1412 1412 (1+t2)2 Lett= tanzx
1+ 2sin 2x + COS2X . 4t +1—t2 1+t2)2 dt = sec” xdx
0 0o 1+t? 1+t :(1+tan2x)dx
oL (1-17)dt dx =t
= 2
Jo (1+t2)[(1+t2)+4t+(1—t2)] 1+t
(1 (1)t X=0, t=0
) (e t?) (442
0( )( ) x=£,t=1
1 (" (5-5t°)dt 4
10), (1+7) (2t +2)
1( 27)
=—|z+In—
20 16
© (@ J' f(x)dx:J' f(—u)(—du) let u=—x
- ’ du = —dx
=j f(_x)dx X=-4a, u=a
i X=a, u=-a

(ii) j (ex—e‘x)cosxdx:J‘ (e —e*)cos(-x)dx  (from parti)

-4

4
= —I (eX —e‘x)cosx dx

-4

Zj cosx dx=0

j g —e™* cosxdx=0



Question 12

(@ Let V6i—8=a+ib (where a and b arereal)
(a® ~b)+ 2abi = -8+ 6i

Equating real and imaginary parts:

2ab=6 a’-b*=-8
p= az—%_—8
a a

3 6i—8 = +(1+3i)

Alternatively

As |6i —8 =10, then |a+ib|=+/10, so a? +b* =10, then solve this with the 2" equation by
elimination, substituting the answers in the 1% equation to find the second pronumeral.

®) () 2+2x/§i=4cis%
.. > 2\/5 3 Aci T :
i +2J3i) =| 4cis=
i) ) ( 3)
=64cisxz
= 64
(iii) z4=4cis(%+2n7zj, where n isan integer
=4Ci8(6n+1ﬂ']
3
. (6n+1
=+/2
z \/—CIS( o 72')

Taking n=-2,-1,0,1:

1=\2cis % acis 7, \/—C|S(——) fc.s[ 11;)

(©

1+i

=<V




(d)

(€)

(i1)

(i)

(ii)

ZBAP =260 (angle at centreistwice angle at circumference)
- AP =rcis20

Z0PB :% (anglein semi-circle)

ZPBx=0 +% (exterior angle of triangle = sum of opposite two interior angles)
PB2 =(2r)’ —a? (Pythagoras')

.. BP =+/4r?—a? cis(9+%)

312

2¢C, x °C, 3850
32 59049

NB: We don't divide by 3!, as the 3 groups are considered different, and are
enumerated as different cases when the sample spaceis calculated in part (i).

OR

Name the switch positions A, B, C.

The question is the same as forming distinct words from the letters AAAABBBBCCCC.
12!

(4 3850
3” 59049

ie.




Question 13

. 2X
@ () Y
dy (L+x%)-2-2x-2x
dx (1+ x2)2
_ 2-2x?
(1+ x2)2
Stat Pts: %:O = x=xl y=#£1
ie. stat pointsat (1,1) and (-1,-1)
iy 1 oy-2L
- YTIne
ﬂy
(-9 | (Y




(b) ()

(ii)

(iii)

2X
4. =In
y (1+ XZJ

2

Let P(x)=(x—a) Q(X).

P'(x):Q(x)-Z(x—a)+(x—a)2-Q’(x)
=(x—a)[2Q(x)+(x—a)Q'(x)]

. P'(a)=0

So x=« isaroot of P(x)=0.

If y=mx isatangent, then mx:3—i2 has a double root.
X

ie. mx® =3x2-1
mx® —3x*+1=0

Let P(x)=mx>-3x"+1
P’(x) =3mx* - 6x
By part (i), the double root X = must be aroot of
3mx*-6x=0
3x(mx-2)=0

x=0 or x:3
m

P(0)#0, so x :% must be the double root.

8 12
F—F+1:O
4
et
m=+2

So the tangents have equation y = +2x .



Question 14
@

:x
Outer radius, R =1-x
Inner radius, r =1-X—-0X
. 1
Height, h=y =
g y 2X+1
Volume of typical dlice:
&V zﬁ(Rz—rz)h
=z(R+r)(R-r)h
1
=7(2-2X-O0X)(OX)-
7( ()53
~27r~X 5% whenox is sufficiently small
2x+1
OR
he_t
2X+1
OX
27z'r=27z'(1—x)
1
&V =~ 27 (1-x)- -OX
2x+1
1
V = lim 2r 1-x S5X
x>0 2x+1
x=0
o 1
=2 1-x dx
2x+1
o 0
‘1—1(2x+1)+§
=27 2 2dX
2X+1
¢ 0
o1
=2r —1+L dx
2 2(2x+1)
¢ 0
[ x 3 !
=27 ——+—In(2x+1)}
L 2 4 0
=2r —l+§ln3—0j
2 4

:%(BIn 3-2) units®



(b) (i) Period=2b
2r

Lo
n
/4
n=—
b
b
(i) Area= bsinZ xdx
. b
]
=——| COS—X
V4 b 1,
b2
=—=(-1-1
> (-1-)
2
_a units?
T
2 a
(i) from part (ii), oV = 25y V=|imzﬁy5y
T Sy—0 T
2(2x)’ .
=25 3a(°
z ) =— vydy
7T Jo
2
:;X oy 16ar ,7a
8 :7 y }0
== (4ay)s
ﬂ( y)sy
:%yé‘y v =202 units?
/4

(c) (i) BP subtendsequal anglesat N and L (converse of anglesin same segment)

(i) ZPLC+~ZPMC =90°+90°
=180°
. PLCM iscyclic (opposite angles are supplementary)

(ili) Construct BP and PM .
ZPCM =/PLM =« (angles in same segment of circle PLCM )

ZABP =/PCM =« (exterior angle or cyclic quad BACP = opposite interior angle)

(iii) Construct NL.
ZNLP + ZNBP =180° (opposite angles of cyclic quad PLNB are supplementary)

ZNLP =180°-«
ZNLP + ZPLM :(180—a)+a

ZMLN =180°
ie. M, L, and N arecollinear

NB: Wecan'tcal ZPLM the exterior angle of PLNB until we know that MLN isastraight line.



Question 15

. . dy dy do
= 0 =bsind = "
@ d))(( acos d;/ sin 36 ox
—=-asino —— =bcos6 -
=bcoso-
do do asind
_bcose
asind
y—bsim9=—bC_Ose(x—acos¢9)
asing
aysin@—absin® @ = —bx cosé + ab cos’ @
bxcosg+aysing = ab(sin? 0 +cos’ 6)
(+ab) xcosH+ySIn¢9:1
a b
. tacosd ysiné
i X=+ + =1
(i) ( ) " .
ysmezlicose
_ b(1xcosv)
~ dno
b(1-cosé@ b(1+cos@
e of a 2A=C0s6)) [ _, b(1+cose)
sin@ sin@
b(1-cosf) b(1l+cosf
(i) Product of lengths = 2(1=695¢) b(1+cos0)
|siné)| |siné)|
bz(l—cosze)
- dn?6
_b*sin*0
sno
=b* (whichisaconstant)
' xdx
) @O 1= Other options:
Jo NI=x 1 Letu=1-x
o1
- _(1_X)+1dx 2. Letu®=1-x
Jo VI=x 3. Letx=sin’4 (messy)
o1 i
_ (—(1—x)2+(1—x)2jdx 4. Integration by parts
0




o1 Xn,l 1 Xn
i)y 1_,-1 —dx—j ——dx
JoV1-X o V1—X
el n-1_n
_ X X dx
J 0 1_X

el n1(q
Jo 1-x

1
= x"*V1-xdx
0

1
(iii) L, -1, =J‘ X" V1 x dx
0

1 n
= 1-x i(X—J dx
0 dx\ n

N _lj'lxn La- X)2-(~1)dx

n ° nJ,
1 n
a1 xTdx
2n J, J1-x
1
| -1 =—1
n-1 n 2n n
2nl,_ —2nl =1,
2nl, =(2n+1)1,
2n
In=— n-1
2n+1
0} (a-b)’>0 Vva,b
a®’—2ab+b*>0
a®+b*>2ab

(ii) From (i), tan®@+cos’6>2tandcosl =2sind
tan’ @ + cosec® @ > 2tan @ cosech = 2secd
cos’ § + cosec® @ > 2 cosé cosech = 2cot 6
Adding:  2(tan” 6+ cos’ 0+ cosec’ 0) > 2(sing +secd +cot )

tan? @ + cos® @ + cosec® § > sin @ + secé + cot &



Question 16

. 3sinx
Let f =X-— )
@ 0 (X) X 2+ COSX
f(0)=0
f,(X)=1_(2+cosx)(3cosx)—(3§|nx)(—smx)
(2+cosx)
_(2+cosx)2—3005x(2+cosx)—3sin2x
(2+cosx)2
_4+ 4c0SX + CoS* X —6C0SX —3c0S° X — 3+ 3cos X
(2+cosx)2
:1—2003x+coszx
(2+cosx)2
:(1—cosx]2
2+ CoSX
>0 VX
~ f(x)>0 wvx>0 (starts at zero, and decreases monotonically)
B 3sinx 20
2+ CoSX
3sinXx

<x for x>0
2+ CoSX

(i) LetOB=OP=r
from AMOP, OM =rcos¢d and PM =rsinéd

InACMP,wnazfﬁl
CM

_ PM
CO+0OM
_rsind
2r +r cosé@
tan 6 sind
2+ cos@
(i) teng ==.—>2n7
3 2+cosd

<%6’ (from part i, since 6 > 0)

Also, for O<a<%, a<tana.

0
Toa<—
() () T=a+p T,=a’+p°
1 =(a+p) -2ap
1 2
-1 =(=1"-2(3)



(i) Since x*+x+1=0 hasroots « and 3, then:
(xx"2) X"+x"*+x"?=0 hasroots & and B (and aroot 0 of multiplicity n—2)
a"+a" +a"?=0
and S"+pB"'+pB"*=0
adding:  (a"+ ")+ (2" + ") +(a" P+ B77)=0
T+T ,+T ,=0

Tn = _Tn—l _Tn—2

OR

RHS=-T ,

{oep) e
i3 55
B
__ 1+a LB ( ﬂ
:_[a ) [1+a+a2:1+ﬂ+ﬂ2:0]
=a"+f"
=T,
(ili) Testn=1and n=2: RHS=200$2?”=—1:T1:LHS

RHS= Zcosd%r:—l:T2 =LHS

. trueforn=1and n=2

Assumetruefor n=k and n=k +1;:

, 2(k+1
e T, = ZCOSZI(T” and T, , = 2cosu

Provetruefor n=k +2:

2(k+2
ie.  ProveT, , = Zcos(;)”

Tk+2 = _Tk+1 _Tk (from part ”)
2(k+1
(;)7[ _ ZCQSZKTE (by assumpti on)

2kzr 27 2k
=-2C0S| —+— |—2Cc0S——
3 3 3

=-2C0S

2k 2r . 2krx 2 2k7rj
=—2| COS COS —Sn 3 S|n—+COST

=2 —lcos—zm —ﬁsin—zk” +CoS —Zk”
2 3 2 3 3




3 2 3
( 2k 4 2k 472')

= 2| cOS——C0S— -9 N——Sn—

3 3 3
=2 (Zk_ﬂ+4_ﬂ.j

3

2(k+2

= 2C0S ( ; )”

- Truefor n=k+2 whentruefor n=k and n=k+1
.. By Mathematical Induction, T, = ZCosznTﬁ forn=123,..

(V) D To=(-D)+(-D+2+(-1)+(-1)+2+..
k=1
=-2 (since 2012 is two more than a multiple of 3)
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